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Abstract

Providing a noxious facility poses two problems previously unexplored together:
where to locate it and how large it should be. We propose a mechanism combining
some market-like properties with a modified second-price auction. The mechanism
selects a host, a facility size, a compensation for hosting the project, and determines
how the compensation and building costs are split among the non-hosts. Regardless of
the selected host, any equilibrium outcome of this mechanism is a Lindahl allocation. If
each community bids truthfully for becoming the host–a strategy which no community
has incentives to deviate–the selected Lindahl allocation is globally optimal.
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1 Introduction

A noxious facility is a project that serves as a public good for multiple communities,
while simultaneously creating a private bad for the hosting community (Kunreuther and
Kleindorfer, 1986; Kunreuther et al., 1987). Examples include facilities for waste treatment
(e.g., incinerators or disposals), prisons, and wind turbines (Meyerhoff et al., 2010; Zerrahn,
2017). The problems of providing such facilities are described as the “not in my backyard” -
NIMBY problem, or the “locally unwanted land use” -LULU problem (Popper, 1983; Schively,
2007). Both acronyms make evident that the location problem has attracted more attention
than a related problem: how large should this noxious facility be? The few mechanisms
discussing the facility size take this information as given (Minehart and Neeman, 2002;
Sakai, 2012). Moreover, if quantities are not defined, an implicit assumption is that the use
of the facility is non-rival (Ambec and Kervinio, 2016). Either by not modeling quantities
or by assuming them as known, the literature tackles the NIMBY problem as a siting one.
Our goal in this paper is to explicitly model the endogenous sizing decision jointly with the
siting problem.

Combining the sizing and the siting problem of a noxious facility offers two advantages.
First, marginal costs and benefits become central in the normative analysis of the NIMBY
problem. Welfare considerations result oversimplified by limiting the collective choice to
binary provision decisions. For instance, cost-benefit analyses rarely conclude that a null
provision of public bads (e.g., pollution or crime) is optimal. Second, modeling quantity as
a decision variable allows conceiving this problem in terms of optimally installed capacities,
improving future planning.

Lindahl allocations serve as a reference point in the efficient provision of public goods. In
a Lindahl allocation, the efficient quantity is attained by charging each community a price
proportional to its marginal benefit from this provision–called a Lindahl tax–, granting that
the total payments are enough to finance the public good. We extend its use to the provision
of a public project, which yields a net benefit for all involved communities but the project
host. The extension of this concept to the provision of noxious facilities is natural, with the
main difference that the price “charged” to the host has to be negative. Since any community
can host the facility, we can have as many Lindahl allocations as communities involved in
the collective decision. As in the case of public goods, each Lindahl allocation is efficient
conditional on the siting, but only one of them is globally efficient.

We propose a mechanism that simultaneously solves the siting problem and the sizing
problem of a new facility. Communities involved in the provision of the noxious facility

2



submit a four-dimensional message. Three components interplay in a market-like fashion: a
desired size (or quantity) of the facility, a price per unit requested for being the host, and
a price per unit paid for being a non-host community. A fourth component, a bid, allows
communities to compete for becoming the host in a modified second-price auction.

The market-like components generate Lindahl allocations in equilibrium. If the sum of
prices per unit of non-host communities is sufficient to cover the price requested by the
host and the building cost per unit, the facility is implemented, and its size is defined
by the geometric average of all the desired quantities. Given this design, an equilibrium
with implementation implies that: (i) each community submits its Lindahl tax and the
total payment matches the total cost and compensation, otherwise each buyer would have
incentives to lower its submitted price as buyer; (ii) the outcome quantity is optimal for each
community, otherwise the community with a sub-optimal quantity could use the geometric
mean to deviate the facility size to its optimal one. Therefore, this mechanism induces
Lindahl allocations.

It is precisely because there could be as many Lindahl allocations as communities involved
in the mechanism that the market-like part is not enough to find a globally optimal allocation.
The siting problem becomes particularly relevant when more than one community would be
better off by being the host, relative to being a buyer. In this case, prices cannot be directly
used as a selection rule to dictate the hosting community. The reason is that they will create
strategic incentives to overstate the willingness to host the facility, distorting the provided
quantity: after a competition à la Bertrand, the host will balance the lower compensation
per unit of the facility by selecting a size above its optimal.

The auction-like component induces the selection of the globally optimal Lindahl allo-
cation. In our mechanism, each community announces a bid they are willing to pay for
becoming the host. The highest bidder is selected and pays the second-highest bid. It may
sound counter-intuitive that the community bearing the private costs of the noxious facility
has to make a payment. However, this payment acts as a selection device when at least two
communities are interested in hosting the facility. The intuition is that the community with
the highest willingness to host the facility is also benefiting the most from not being a buyer.
Therefore, no community can profit by misreporting the gains from becoming the host. In
this way, as in standard second-price auctions, truthful bidding leads to an efficient alloca-
tion even if each community’s preferences remain private information, a low informational
requirement.1

1For instance, Laurent-Lucchetti and Leroux (2011) propose a mechanism in which the most potential
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Our mechanism gives a lead role to the sizing problem in the allocation of a noxious
facility. By doing so, we can disentangle and prioritize two notions of efficiency. The market-
like part of our mechanism selects, for each specific location, a socially optimal project
corresponding to a Lindahl allocation. Thus, efficient sizing is a local property. On the
other hand, the auction filters each Lindahl allocation that does not yield the largest facility.
Thus, efficient siting is a global property.

Mechanism design has been extensively used to solve the siting problem (Kunreuther
et al., 1987; O’Sullivan, 1993; Kleindorfer and Sertel, 1994). Minehart and Neeman’s auction
(2002) guarantees budget-balancedness, but opens the door to outcomes in which the host is
not the community with the lowest willingness to accept a transfer for receiving the facility.
Sakai (2012) provides an axiomatic approach to the NIMBY problem, characterizing the
fair pricing rules for waste treatment, and showing that Minehart and Neeman’s auction
does not have a fair pricing rule. Although Minehart and Neeman (2002) and Sakai (2012)
introduce some notion of quantity, the information on waste produced in each community–
and, therefore, the facility size–is predefined.

We differ from this literature in two aspects. First, the market-like part of our mechanism
transforms the setting from a NIMBY problem into a scenario in which communities actually
compete for the hosting role and its associated transfer, defined by prices and provided
quantities. Second, whereas most of the previous mechanisms sacrifice efficient host selection
for maintaining budget-balancedness, in our mechanism the bid paid by the host is removed
from the mechanism’s transfers (although it can be reallocated through a non-distortionary
rule). The reason for this choice is the importance we give to the pursuit of the globally
efficient Lindahl allocation.

Perez-Castrillo and Wettstein (2002) also propose a multi-bidding mechanism for siting
noxious facilities. This mechanism requires a bid submission for each potential location of
the facility. Although the mechanism is efficient, budget-balanced, and it allows introducing
spatial effects into the NIMBY problem, it comes at the cost of assuming individual prefer-
ences to be common knowledge. Our use of a market-like and an auction-like stage in our

host is selected in a first stage, but it is excluded from a second stage in which other communities submit
their contributions. This mechanism’s sequential nature reduces the strategic incentives associated with role
uncertainty, as our action does, but their informational assumption is less plausible: all the communities are
ex ante aware of who is the most efficient host. In a companion paper, Laurent-Lucchetti and Leroux (2010)
propose a Lindahl taxation scheme, but they assume a specific project and location. This initial effort to
connect the notion of Lindahl pricing and the NIMBY problem fell short in acknowledging that the social
benefits from implementation critically depend on both the plant size and which community is selected as
the host.
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mechanism allows us to treat communities’ preferences as private information.
Other mechanisms considering spatial effects in the siting of a noxious facility are provided

in Waehrer (2003) and Ambec and Kervinio (2016). We abstain from exploring spatial effects
by assuming that the environmental costs from the facility are encapsulated in the hosting
community. Abandoning this assumption will increase the complexity of our mechanism, as
two different sources of multi-dimensionality must be considered: two prices would result
insufficient to capture siting preferences, and the bid would not capture anymore the benefit
from switching from being a buyer to be the host (as there would be different “types” of
buyers, according to their proximity to the host).

There are two additional limitations to our model. First, we assume a (perfect) correlation
between the private gains from removing the noxious good and the private costs for hosting
it. If the nature of the disutilities caused by the noxious good and the facility is very
distinct, this assumption might not hold. Consider, for instance, the collective decision of
providing or not a nuclear power plant. The implementation benefit for non-hosts might
be related to enjoying a better air quality, while the cost for the host involves the risk of a
nuclear accident. Second, we abstain from discussing the aggregation of preferences within
a community.2 That is, we do not consider the individual incentives behind the delegation
process of the community’s decision.

The rest of this paper goes as follows. Section 2 defines a Lindahl outcome for the prob-
lem of a noxious facility, its efficiency properties, and, more importantly, explains why we
might have multiple Lindahl outcomes. Section 3 explains the functioning of the mecha-
nism. Section 4 describes how the mechanism selects Lindahl outcomes and the filtering
conditions for reaching the globally optimal Lindahl allocation. Since we departed from the
usual approach of sacrificing efficient host selection to grant budget balancedness (from the
community’s perspective), Section 5 is devoted to discussing the efficiency properties of our
mechanism. In Section 6, we provide a discussion on whether some desirable properties apply
to our mechanism.

2 Framework

We consider a set N = {1, 2, . . . , n} of at least three communities, all involved in a
one-time collective decision of providing a noxious facility Z of variable size. The marginal
financial cost of the facility is c. There is an additional cost, borne by the unique host of Z,

2See the Appendix of Minehart and Neeman (2002) for an axiomatic solution to this problem.
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increasing in the facility size.

2.1 Preferences

Let v : R → R be a strictly increasing function respecting v(0) = 0, v′′ < 0, v′′′ ≥ 0,
limx→∞ v(x) = ∞, limx→−∞ v

′(x) = ∞, and limx→∞ v
′(x) = 0. We associate to community

i ∈ N a parameter di. It measures each community’s willingness to implement the project
elsewhere, and it resides as private information. If a quantity Q > 0 of Z is provided,
the monetized benefit for a non-host community i, a “buyer” hereafter, is given by div(Q).
By contrast, if Z is hosted by community i, we define its monetized cost as div(−Q).3 In
other words, normalizing the status quo to zero, div associates the private monetized gain
of community i to the size and location of Z.4 Communities with low values of d are good
candidates for becoming the host, since they are more comfortable accepting larger facilities
in their backyard in exchange for a smaller transfer, compared to cities with a larger value
of d. Without loss of generality we set d1 < d2 < · · · < dn.

There are two underlying assumptions implied by this monetized benefit characterization.
First, a larger facility represents a greater gain for each buyer and a greater loss for the
host. Second, the private benefits from using the facility as a buyer are positively related
to the private costs of hosting a project of the same size. We also assume that the utility
ui of community i is additively separable and linear in money. So if the provision of Z
for community i is q–which is negative if i is the host–and i receives a transfer T , then
ui(q, T ) = div(q) + T .

2.2 Lindahl outcomes

Lindahl outcomes are key in our framework. As we show in this section, we can mirror
the standard Lindahl efficiency properties from the provision of public goods in the context
of noxious facilities. These properties ultimately drive the design of our mechanism.

Suppose that Z is offered to community i at price p. In this case, i is interested in
providing q units of Z, where q respects div′(q) = p. The preferences for the facility siting
(i.e., whether community i prefers to be the host or a buyer) depend on the relationship

3Throughout this paper, we use the uppercase Q to denote physical quantities of the facility, which are
positive, and the lowercase q to denote chosen quantities, which will be negative for the host community.

4For simplicity, we suppose that v′′(0) and v′′′(0) exist, but these are unnecessary hypotheses. The
continuity of v′ at 0, however, is needed. Appendix B presents a simple microfoundation showing how the
distribution of the property rights of Z can lead to the differentiability of v.
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of the offered price pi with respect to pi := div
′(0), which we call the no-trade price of

community i. We thus have a null demand (q = 0) if p = pi; a demand for buying, with
q > 0, if p < pi; and a demand for hosting, with q < 0, if p > pi. Figure 1 illustrates these
three cases. Notice from panel (a) that the utility is negative whenever the community is a
buyer (resp. the host) under a price greater (resp. smaller) than p. Panel (b) depicts the
“demand” curve for Z, remarking a switch in the desired role of a community in p.
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Figure 1: The no-trade price is p, and we have pl < p < ph. (a) Utility level as a function of the size of Z
for the three prices ph, p, and pl. Each point of the Envelope curve represents the optimal quantity and the
corresponding utility value for a given price. (b) The “demand” curve for Z, qD. Notice that, after p, there
is a demand for negative quantities that translates into an acceptance to host.

For some p = (p1, p2, . . . , pn), Q > 0, and j ∈ N , the triplet (j,Q,p) is a Lindahl outcome
if it respects three conditions: (i) for each i ∈ N \ {j}, i pays pi per unit of Z, and Q is the
optimal quantity for i under pi; (ii) j receives pj per unit of Z as a host and Q is the optimal
hosted quantity for j under pj; (iii) the total payment made by the buyers matches the
payment asked by the host plus the cost of implementation of Z. That is,

∑
i 6=j pi = pj + c.

We describe the conditions under which a Lindahl outcome (j,Q,p) exists. Since Q is
the optimal quantity for each community under p, we have div′(Q) = pi for each i 6= j, and
djv
′(−Q) = pj. Applying these first order conditions into the budget balancedness condition

gives us
v′(−Q)

v′(Q)
=

∑
i 6=j di

dj
− c

djv′(Q)
· (1)

This implies that community j is a potential host in a Lindahl outcome if, and only if, it
belongs to the set

LI :=
{
k ∈ N |dk <

∑
i 6=k di − c/v′(0)

}
,
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where LI stands for “Lindahl-implementable”.5 The solution of Equation 1 is unique in Q

for each j. Therefore, when the solution is positive, we call Lindahl-j the Lindahl outcome
when j is the host. We define it as (j,QLj ,pLj), with pLj = (p

Lj

1 , . . . , p
Lj
n ). In addition, we

call the pair (j,QLj) a Lindahl-j allocation.
From the definition of LI , there might exist up to n Lindahl outcomes, depending on

the parameters c, which is common knowledge; and d, which is private information of each
community. For some intuition, communities with a low d are more likely to belong to the
set LI because they are more willing to accept a transfer in exchange for hosting the facility.
Nonetheless, this set can be empty if the marginal cost c is too large, relative to the values
of d. Conversely, a null marginal cost ensures that at least Lindahl-1 exists.

Figure 2 presents an example in which three communities can generate three Lindahl
outcomes. Note that the “demand” curves for the three communities are identical across
panels. In panel (a), under the price pL1

1 , community 1 has a negative demand for Z, while
communities 2 and 3 have a positive demand under prices pL1

2 and pL1
3 , respectively. Besides,

QL1 is the optimal size of Z for each community under pL1 , and we have pL1
1 = pL1

2 + pL1
3 .

The reasoning is similar for panels (b) and (c), with communities 2 and 3 acting as hosts.
Notice that QL1 > QL2 > QL3 .

p

q
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qD1 qD2 qD3

qD2,3

QL1

−QL1

pL1
1

p
L1
2

p
L1
3
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q
Lindahl-2

qD1 qD2 qD3 qD1,3

QL2

−QL2

p
L2
1

p
L2
3

pL2
2

p

q
Lindahl-3

qD1 qD2 qD3 qD1,2

QL3

−QL3

p
L3
1

p
L3
2

pL3
3

(a) (b) (c)

Figure 2: The “demand” curve of community i is qDi and the aggregate demand of communities i and j is
qDi,j . The building cost is 0. (a) Lindahl-1 outcome. (b) Lindahl-2 outcome. (c) Lindahl-3 outcome.

We now turn to the efficiency properties of Lindahl outcomes. Fix an arbitrary j ∈ N .
Consider the social planner problem under the monetized welfare metric constrained to

5We also need the asymptotic hypotheses we impose on v′ to derive this conclusion.
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implement Z in community j, and to a balanced budget. The social planner maximizes

v(x)
∑

i 6=j di + djv(−x) + cx

in x subject to x ≥ 0. If j /∈ LI , then we have a corner solution. The social planner’s solution
is the status quo, which in this case is also Pareto optimal. By contrast, if we have j ∈ LI ,
the first order condition for the optimal size Q is given by Equation 1. That is, the planner’s
solution is the Lindahl-j allocation. Since, in addition, Lindahl-j is a Pareto improvement
with respect to the status quo, we conclude that Lindahl-j is Pareto optimal.6

We just described the planner’s solutions under the restriction of installing Z in j–yielding
standard results from the literature. We now analyze the global solution of the planner,
relaxing the location constraint. As a departing point, we argue that QLj is decreasing in
j. Fix a size for Z. Because the social planner’s problem must be budget balanced (i.e., the
sum of transfers cancels out), the surplus from the implementation of Z can be assessed by
weighing the costs and benefits of the facility. While the marginal private cost for community
j is increasing in j, the total marginal private benefit for the set of communities N \ {j}
is decreasing in j. This implies that the net marginal surplus is decreasing in j. Since the
marginal surplus is zero at QLj in Lindahl-j, it has to be positive at QLj in Lindahl-(j − 1),
that is, QLj < QLj−1 .7

Therefore, as we move from Lindahl-j to Lindahl-(j− 1), we can break down the welfare
change into two components: a larger surplus per unit of Z up to QLj ; plus an increase in the
installed capacity from QLj to QLj−1 . We thus conclude that Lindahl-1 is socially optimal.

Proposition 1. Suppose LI is non-empty. Then Lindahl-1 is welfare-maximizing, and the
Lindahl-1 allocation is the only one yielding an optimal facility size.

This proposition ensures Lindahl-1 is Pareto optimal, but it does not tell us anything
about Pareto dominance between Lindahl outcomes. Indeed, provided that j ∈ LI \ {1},
each community in N \ {j} benefits more from Lindahl-1 than from Lindahl-j.8 But since
community 1 prefers Lindahl-1 to Lindahl-j, if dj is close enough to d1 and they virtually
share the same preferences, community j is better off as the host in Lindahl-j compared to

6To see why Lindahl-j Pareto dominates the status quo, recall that ui(0, 0p
Lj

i ) = 0, and that QLj > 0

maximizes the utility of each community under Lindahl-j prices. Hence, ui(QLj , QLjp
Lj

i ) > ui(0, 0p
Lj

i ) for
i 6= j. The same holds for community j exchanging QLj by −QLj .

7By contrast, host prices pLj

j and host transfers pLj

j QLj are not necessarily monotonic on j.
8We use the negative concavity of v and the monotonicity of QLj to show that a community in N \ {1, j}

is better off in Lindahl-1. Lemma 4 shows the same for community 1.
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being a buyer in Lindahl-1. This allows us to conclude that Lindahl-1 is a Pareto improve-
ment with respect to Lindahl-j when dj is sufficiently larger than d1. Otherwise, Lindahl-1
Pareto dominates Lindahl-j only after a transfer from community 1 to community j.

The social planner would prefer a Lindahl-1 allocation, followed by any budget balanced
redistribution of resources, compared to a Lindahl-j allocation. However, in order to achieve
this first best, the informational requirement that the d’s are public–or, at least, known by
the social planner–is too stringent. The next section presents a mechanism granting the
most efficient siting and sizing, even if the d’s are treated as private information.

3 The mechanism

We now introduce the proposed multi-dimensional mechanism. Each community i sub-
mits a four-element message: the price as host phi , the price as buyer pbi , a desired quantity
qi, and a bid bi for selecting the host.

The four dimensions are necessary to reach the global efficiency described in Section 2.2.
Submitting a quantity allows each community to adjust the desired facility size. By setting
two independent prices, each community can provide responses that are contingent on buyer
and host roles. The bid enters as a fourth dimension because prices cannot select the host in
an efficient allocation. The reason is that achieving Lindahl outcomes demand communities
to act as price-takers, and using prices for host selection will distort efficiency. The bid
operates as in a second-price auction, creating a competition for hosting the project without
directly affecting the submitted prices.

Formally, let Ω := R++×R3
+ be the space of strategies. For any strategy profile s ∈ Ωn, the

mechanismM maps s onto: 1. a host î, 2. the provision level of Z, Q̂, and 3. the financial
transfer T̂i made by community i, which can be positive or negative.9 More specifically,
let s = (s1, s2, . . . , sn) where si = (qi, p

b
i , p

h
i , bi) is the strategy of community i ∈ N . The

outcomes are defined as follows.

Host selection Let σ : N → N be a bijection. The community with the highest bid is
selected as host

{̂i} = argmin
{
σ(i) : i ∈ argmax

{
phj : j ∈ argmax

k∈I
{bk}

}}
,

9As a convention, variables with a hat are outcomes of the mechanism for a strategy profile s. When the
context is clear, we omit the argument s. This abuse of notation causes no confusion in the text.
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and we define the community with the second-highest bid as

{ĵ} = argmin
{
σ(i) : i ∈ argmin

k∈I\{̂i}
{bk}

}
.

Note that the host selection has two tie-breaking rules, so î and ĵ are well-defined. If bî = bĵ,
the first tie-breaking criterion is the lowest price as host ph. If, in addition, ph

î
= ph

ĵ
, the

second criterion is the order determined by σ.
Since each community submits two prices, but is assigned to a single role, half of these

prices are discarded. With the definition of the host î, the prices pb
î
and phi for i 6= î become

residual because they do not enter into the mechanism’s computations. By contrast, we call
ph
î
and pbi for i 6= î the applied prices.

Provision We start by defining p̂, the trade price per unit of Z. The trade price is the
average between the total contribution per unit and the requested compensation per unit,
after subtracting the marginal building cost of the facility, or

p̂ =
ph
î
− c+

∑
i 6=î p

b
i

2
·

The facility is implemented when the trade price is at least the price asked by the host
community, which we call the implementation rule. The geometric mean of the quantities
gives the facility size. That is,

Q̂ =
∏
i∈N

(qi)
1/n1{p̂≥ph

î
}.

Since qi > 0 for each i, communities do not have veto power via submitted quantities.
Moreover, the geometric mean ensures that no player can cap, from above or below, the
implemented quantity. Therefore, when Z is implemented in equilibrium, Q̂ has to be optimal
for each community.

Transfers The net transfer received by the host î is given by

T̂î = Q̂p̂− bĵ1{p̂≥ph
î
} − r1{p̂<ph

î
}.

The host î pays the second-highest bid, bĵ, in case of implementation; and a penalty r > 0 in
case of no implementation. On the other hand, the transfer paid by the non-host community
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i is
T̂i = −Q̂(pbi + π̂),

where π̂ = (ph
î
− p̂)/(n − 1). That is, π̂ is a rebate per unit, paid back to each non-host

community when there is an “excess contribution” defined by p̂ > ph
î
.

Having defined how the mechanism operates, we focus now on two key features of it: its
analogy to a multi-step mechanism, and why (and when) it is not budget balanced. In its
“first” step, the mechanism operates as a market. The intended contributions as non-hosts,
and the requested compensations as hosts, interplay in the form of prices per unit of Z, pb

and ph. In case of “trade,” the mechanism defines mutually agreed prices and quantities and
establishes a vector of prices p̂ per unit of Z. This vector contains a price pbi + π̂ for each
buyer i and a price p̂ for the host. We define M̃ := (̂i, Q̂, p̂) as the “pre-taxation” outcome
of the mechanism. It is the budget-balanced outcome ofM before the payment of the bid
bĵ or the penalty r.

The “second” step of the mechanism works like an auction, in which each community
submits a bid. The community selected as the host pays the second-highest bid, emulating
how a second-price auction selects the most efficient bidder. Although it may sound counter-
intuitive that the host must pay a bid for installing a facility that creates environmental
costs for no other community but itself, this payment is required to select the most efficient
siting. The intuition is that the bid intends to capture the community’s willingness to pay
to switch from being a buyer to become the host, given the expected positive transfer Q̂p̂.
Not surprisingly, the community with the lowest d is in a position to make the highest bid.
We explain this idea now with further details.

Suppose that, for some given opponents’ strategies, the payoff for community i of being
the host is ghi > 0, while the payoff of being a buyer is gbi > 0. Suppose, in addition, that
i prefers to be the host. Therefore, i’s willingness to pay to change its role from a buyer
to the host is positive and given by ∆i = ghi − gbi . The condition ∆i > 0 typically reveals
that di is low compared to the other d’s. By the definition of willingness to pay, i does not
have incentives to bid more than ∆i. At the same time, bidding less than ∆i means that i
might miss the opportunity of changing roles, even when the cost of doing so is lower than
∆i. Therefore, ∆i is a natural candidate for i’s bid.

Now consider a community j challenging i’s willing of being the host, and define ghj , gbj ,
and ∆j analogously. The private cost of hosting the project depends on whether dj is larger
or smaller than di. If dj < di, then, due to the lower private cost of j to host Z, we have
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ghj > ghi ; otherwise, ghj < ghi . Similarly, a lower d leads to a higher ∆, since this community
results better off by being the host and not a buyer. Hence, if communities are truthfully
bidding their ∆’s, the community with the lowest d ends up being the host. In other words,
communities with higher d drop out first from the race for hosting because they reach earlier
a bid equal to ∆.

Thus, the project is implemented in the community with the lowest private cost of hosting
it, whereas the remaining n− 1 communities, those with the highest value from having the
facility elsewhere, end up as buyers. In other words, our mechanism pays one cost, the bid,
for suppressing the cost of misallocating the host. However, note that bĵ will be positive
only when there are two communities with a parameter di sufficiently low, so that both
are interested in becoming the host. Otherwise, bĵ will be zero, preserving the budget
balancedness of the outcome.

We conclude this section explaining the role of the last component of the mechanism, the
penalty r, imposed on the host when there is no project implementation. Suppose that, for
some given opponents’ strategies, i is the host and its payoff for implementing any level of Z
is negative. The penalty r eliminates the emergence of the following equilibrium: i vetoing
the implementation of Z by raising its price as host until it becomes higher than the traded
price. No matter how small r is, community i is better off providing a sufficiently small
facility, or changing its bid to become a buyer, than paying r. Since any Lindahl outcome
Pareto dominates the status quo, r is efficiency-enhancing provided that LI is non-empty.

4 Equilibrium analysis

For the sake of clarity, we will assume in this section that LI is non-empty. That is,
we focus on parameter configurations guaranteeing the existence of at least one Lindahl
outcome.

Before moving to the functioning of equilibria with provision, let us explain when LI is
non-empty. Consider two communities 1 and a, where a is the aggregation of communities
2, . . . , n; and with p1 and pa being their no-trade prices. Recall that the no-trade price is
the infimum (resp. supremum) of the prices under which a community would accept to host
(resp. buy) a positive quantity of Z. The condition LI 6= ∅ is equivalent to c < pa − p1,
where pa =

∑n
i=2 pi. In other words, that there exists some size of Z such that “community”

a would accept to pay for the facility and adequately compensate the host.10

10Restating a model hypothesis and rewriting two points of the mechanism, it is possible to incorporate
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We study equilibria implications of the mechanismM under the traditional definition of
ex post equilibria. For each i ∈ N and a strategy profile s = (s1, . . . , sn) ∈ Ωn, we define the
strategy-based utility of community i as

Ui(s) = div(−Q̂(s))1{i=î(s)} + div(Q̂(s))1{i 6=î(s)} + T̂i(s).

In addition, we define s−i := (s1, . . . , si−1, si+1, . . . , sn) and denote s = (si; s−i). We say that
s is an equilibrium if, for each i, there is no s̃i such that Ui(s̃i; s−i) > Ui(si; s−i).

The first equilibrium result we establish is that our mechanism induces Lindahl outcomes
before the bid payment.

Proposition 2 (Necessity). Suppose that s is an equilibrium. Then the prices and quantities
obtained from M̃(s) correspond to a Lindahl outcome, andM(s) Pareto dominates the status
quo.

Notice that there are three main statements in this proposition. First, an equilibrium
implies project implementation. This is a direct consequence of the penalty r imposed on the
host under no-implementation. We describe the idea to prove this feature of the mechanism
in the concluding lines of Section 3.

Second,M(s) improves the outcome for each community with respect to the status quo.
Since the mechanism aggregates quantities geometrically, if Ui(s) < 0, community i could
reduce the provision level of Z, contradicting the fact that s is an equilibrium. In other words,
the mechanism is individually rational in equilibrium. Third, the pre-taxation mechanism
outcome M̃(s) is necessarily a Lindahl outcome. The implementation rule implies that
p̂ ≥ ph

î
, but if the inequality were strict î would have incentives to increase its price as host.

Satisfying p̂ = ph
î
means that, in order not to jeopardize provision, communities effectively

act as price-takers. Given the geometric aggregation of quantities under our mechanism,
Q̂ must be simultaneously optimal for each community for such given prices. Hence, the
selected prices reflect an optimal quantity for each community, implying that all conditions
of a Lindahl outcome are met.

Proposition 2 characterizes the equilibria, but it does not tell us anything about their
existence. The next proposition shows that the set of equilibria is non-empty. To lighten the

an equilibrium with no implementation when LI = ∅. Suppose that, for ε > 0, v is linear in [−ε, ε]. Consider
a modification to the mechanism in which the implemented quantity is the minimum between the geometric
mean and ε. Besides, in case of no implementation, instead of punishing î with r, each community pays a
penalty equal to ε(ph

î
+ c −

∑
i 6=î p

b
i ). This induces communities to implement a quantity ε, in equilibrium,

when LI is empty. Since we can make ε arbitrarily small, this can be virtually turned to no implementation.
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notation, we define, for any s ∈ Ωn and each i ∈ N , bi(s−i) := max{bj : j ∈ N \ {i}},

gbi (s−i) := sup{Ui(s, s−i) : s ∈ Ω and i is a buyer},

ghi (s−i) := sup{Ui(s, s−i) + bi(s−i) : s ∈ Ω and i is the host},

and ∆i(s−i) := ghi (s−i)− gbi (s−i). Therefore, loosely speaking, for a given s−i, ghi (s−i) is
the best outcome that community i can get as the host, and gbi (s−i) the best outcome that
community i can get as a buyer, prior to the bid payment. The quantity ∆i(s−i) reflects the
willingness to pay of community i to change from being a buyer to become the host, for a
given opponent’s profile. We call ∆i(s−i)1∆i(s−i)≥0 the switching valuation, since this is the
bid that i is willing to offer to switch roles (i.e., from buyer to host). Note that the switching
valuation is a function of s−i.

Proposition 3. Let s? be the strategy profile:

(i) the submitted quantities are all QL1;

(ii) the submitted prices satisfy ph1 = pL1
1 , pb1 = d1v

′(QL1), and, for every i ≥ 2, pbi = pL1
i

and phi = max{pL1
1 − pL1

i + pb1, div
′(0)};

(iii) the submitted bids satisfy bi = ∆i(s
?
−i)1{∆i(s?−i)≥0} for each i ∈ N .

Then, s? is an equilibrium and M̃(s?) is Lindahl-1. Moreover, this equilibrium is robust to
any coalition of communities in the set N \ {1}.

Here is an alternative way of understanding this statement. Consider an equilibrium s?

in which community 1 submits its best prices as buyer and host under a quantity QL1 , and
bids its switching valuation. This switching valuation is high enough to make it too costly
for any other community to become a host. Thus, the best that communities 2, . . . , n can
do is to maximize their payoffs as non-hosts by submitting Lindahl-1 prices as buyers. In
particular, since ∆j(s

?) < ∆1(s?) for j ≥ 2, bidding their switching valuations ensures they
end up as buyers.11 Only a Lindahl-1 can emerge from this simultaneous maximization and,
therefore, M̃(s?) is Lindahl-1.

This result agrees with the intuition. Since d1 is the lowest, community 1 bears the
lowest cost from hosting Z and it would have received a lower benefit as a buyer. Thus, it is
expected that community 1 would be able to pay the highest value to take the role of host.

11We show that ∆j(s
?) < ∆1(s?) for j ≥ 2 in the proof of Proposition 3.
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It turns out that under s?, whereas communities 2, . . . , n extract from the mechanism a
surplus proportional to its prices as buyers, the surplus extracted by community 1 is more
than proportional to its residual (buying) price. Let u0 := v(QL1)/v′(QL1)−QL1 . The value
pbiu0 is the monetized benefit of community i ≥ 2. For community 1, being a buyer would
have yielded a benefit pb1u0 = gb1(s?). The upper bound of i’s payment as the host is its own
bid. Thus, gh1 (s?) = gb1(s?) + ∆1(s?) ≥ pb1u0 confirms that community 1 is favored byM(s?)

in the sense that it receives a disproportionately higher benefit, compared to its price as
buyer.12

Proposition 3 also says that the host’s privileged position cannot be successfully chal-
lenged by any coalition of the buyers defined by s?. Suppose that communities i and j, in the
role of buyers, form a coalition and assign j to be the host. This coalition cannot profit from
the margins: in order to secure implementation, any increase in the price as host submitted
by j has to be compensated with an equal decrease in the price as buyer submitted by i.
Changing quantities will not help the coalition either. If a quantity Q̃ could increase the
surplus of {j, i}, then Q̃ could improve the situation of at least one of them individually,
which contradicts s? being an equilibrium. A similar idea applies if i and j try to increase
their surplus in a coalition where both are buyers.

The most technical issue in the computation of equilibria comes from accounting possible
deviations from buyer communities–in which residual prices play an important role. For
instance, suppose that dj is close to d1, and that community 1 submits 0 as its buying price.
This could trigger a scenario in which j is better off as a host (before the bid payment),
and 1 prefers being a buyer with a null price instead of being a host under a price pL1

1 . In
this case, a Lindahl-1 outcome for M̃ in equilibrium could not be sustained. What we show
in Proposition 3 is that there is at least one price as buyer for community 1 sustaining a
Lindahl-1 outcome.

We thus guarantee not only the existence of an equilibrium, but the one yielding the
most efficient facility size. However, the previous propositions do not answer what happens
if, following the discussion above, community j ≥ 2 behaves as the host and every other
community selects their optimal prices, or contributions, with respect to QLj . The next
proposition states that, if each community bids its switching valuation, then Lindahl-j cannot
be an equilibrium.

Proposition 4. If the submitted bids satisfy bi = ∆i(s−i)1{∆i(s−i)≥0} for each i ∈ N , then

12Since pbiu0 = div
′(QL1)u0, we can show in the same lines that community 1 is the only receiving a benefit

that is proportionally greater than its parameter d.
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there is no s ∈ Ωn such that M̃(s) is Lindahl-j for j ≥ 2.

If a community decreases its price as host, it creates stronger incentives for other com-
munities to be buyers. Therefore, a priori, a community j ≥ 2 could try to use its price
as buyer as an instrument to hold its position as the host. Proposition 4 says that, as long
as other communities bid their switching valuation, whenever j’s price as buyer sustains its
position as the host, j would rather be a buyer–no matter how close dj is to d1.

Figure 3 gives some intuition on the two previous propositions. Let y and x be the
two communities with the lowest d’s. Each curve corresponds to the difference between
the switching valuations of communities y and x as a function of the price as buyer that
community y will set, pby. If y is the host, the mechanism provides a Lindahl-y allocation.
Otherwise, the price pby is such that x submits the best price as host to adhere to the
implementation rule. By moving to the upper curves, we consider scenarios in which dy

decreases, holding dx constant. The two top curves exemplify Proposition 3, applying when
dy < dx. Community y ensures having a higher switching valuation by submitting a price
dyv

′(QLy) as host (see points A and B on the dyv′(QLy) curve). This price (but also any
other price ensuring y a higher switching valuation) would discourage x from submitting a
bid large enough to become the host, since the latter community will be better off as a buyer.

The two bottom curves illustrate Proposition 4, applying when dy > dx. Even if y submits
a price as buyer that maximizes ∆y −∆x (see points C and D), this difference is negative.
Therefore, if x and y truthfully bid their switching valuations, x will submit the highest bid
and Z is not built in y. Note also that when the communities are identical, with dy = dx,
the maximum of ∆y − ∆x equalizes their switching valuations precisely at the intersection
with the dyv′(QLy) curve (see point E). Hence, two symmetric communities competing for
hosting the facility will dissipate all the rents obtained from holding this role.

To explain the bidding restriction we impose on Proposition 4, we turn ourselves once
again to the analogy between a standard second-price auction and the mechanism M. In
a second-price auction, even in equilibrium, any bidder with positive valuation can be the
winner. The well-known result, yielding the bidder with the highest valuation as the unique
possible winner, emerges only after refining equilibria to dominant strategies (Jackson and
Swinkels, 2005). Bidding the switching valuations in our mechanism does not perfectly par-
allel bidding valuations in second-price auction. In particular, our mechanism does not allow
for dominant strategies. Nonetheless, bidding truthfully in our proposed mechanism shares
four features with the second-price auction. First, it is a transparent and straightforward
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Figure 3: Competition on switching valuations between two communities.

strategy.13 Second, it is the only bid from which, regardless of the opponents’ bids, com-
munities do not have incentives to deviate.14 Third, the equilibrium allocation of bidding
truthfully is unique, depending only on the parameters. Fourth, as we discuss in detail in
the following section, this type of bid leads to efficiency.

5 Efficiency analysis

This section describes the efficiency properties of the mechanism and discusses the de-
terminants of efficiency in parallel to existing mechanisms.

5.1 Efficiency properties

Before discussing our mechanism’s efficiency properties, we want to raise a point about
the two types of inefficiencies existing in mechanisms for locating noxious facilities. The
first type is due to an inefficient choice of a siting of the facility. The other type, the
one potentially arising in our mechanism, comes from budget unbalancedness. To avoid
distortions in incentives, mechanisms collecting a surplus cannot rebate these excess transfers
to the communities. Therefore, from the perspective of the communities, this surplus is a

13Minehart and Neeman (2002) employ the same adjectives to describe why understating the community’s
disutility from hosting the project involves some risk, while bidding “close” to the true disutility allow
communities to “do well” in different environments.

14To see why, consider a strategy profile s with ghi (s−i) > gbi (s−i). Community i would be better off as
the host whenever ghi (s−i) − bi(s−i) > gbi (s−i), or ∆i(s−i) > bi(s−i). In the same way, i would strictly
prefer being a buyer when ∆i(s−i) < bi(s−i). Thus, bidding ∆i(s−i) always puts i in its best role between
buyer and host, regardless of bi(s−i)–even when opponents are not bidding their switching valuations.
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financial loss.
We argue that these inefficiencies are not equivalent. Inefficient siting causes a dead-

weight loss analogous to a misallocation problem. On the other hand, when there is budget
unbalancedness, the surplus can be collected by an external agent, an “auctioneer.”

The main result of this section, a corollary of propositions 1 to 4, states that our mech-
anism induces the implementation of a noxious facility that is efficient in both size and site.
Recall that Proposition 1 tells us that Lindahl-1 is welfare-maximizing, while Proposition 3
grants that our mechanism can generate the Lindahl-1 allocation in equilibrium. Moreover,
Proposition 2 rules out as equilibrium any allocation that is not a Lindahl one, and Propos-
tition 4 eliminates Lindahl-j allocations for j ≥ 2 as equilibrium, as long as communities bid
their switching valuations. This is enough to prove the following theorem.

Theorem 5. If the submitted bids satisfy bi = ∆i(s−i)1{∆i(s−i)≥0} for each i ∈ N , then the
unique equilibrium allocationM allows is the efficient one.

Unlike most of the existing mechanisms for locating noxious facilities, we opted to grant an
efficient quantity in equilibrium at the cost of having a non-deficitary budget unbalancedness.
We have already argued that a surplus on transfers is, in a sense, a weaker form of inefficiency
than a deadweight loss. Another reason for our choice, holding even if the bid payment
is seen as a deadweight loss, is that moving from a Lindahl-j to a Lindahl-1 allocation
simultaneously improves siting and sizing. Previous papers have accounted for the efficiency
gains from moving the project to communities having lower private costs for hosting the
facility. By explicitly modeling quantities as a decision variable, we add another dimension
of efficiency: since the average unit of Z becomes less costly for society, better locations also
grant welfare improvements from larger projects.

This theorem also lets us discuss some natural limits for this efficiency loss. On the one
hand, the maximum loss is limited to ∆1(s) for any s sustaining a Lindahl-1. To see why,
recall that as d2 approaches to d1, the switching valuation of community 2 approaches to the
one of community 1. Since we assume communities are bidding their switching valuations,
the bid community 1 pays can be arbitrarily close to ∆1(s).15

On the other hand, the minimum loss is zero. There is a threshold value d̄, depending
only on d1, such that, when d2 > d̄, the bid paid by the host is zero. Intuitively, the auction
embedded in our mechanism serves the purpose of allowing potential hosts to compete.

15In particular, if communities use the strategy formulated in Proposition 3, we can express the switching
valuation of community 1 as d1(v(−QL1) − v(QL1) + QL1(v′(−QL1) − v′(QL1))). This expression depends
only on the d’s and on the cost c, since QL1 is a direct function of them.
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Having d2 > d̄ implies that, putting community 1 aside, no community can profit more as
the host than as a buyer, even before the bid payment. Therefore, all communities except
for 1 will bid zero, and the host role of community 1 is not contested. Consequently, our
mechanism reaches the first best, a Lindahl-1 with budget balancedness, when d2 > d̄.

5.2 Efficiency determinants and comparative analysis

The NIMBY issues arise from not fully internalizing a compensation as part of the public
provision problem. Blocking such projects results in foregone efficiency gains. For exam-
ple, O’Sullivan (1993) models the facility’s cost as a concave function of its size, so that
building a single facility generates economies of scale for multiple communities. In Minehart
and Neeman (2002) and Sakai (2012), the lack of markets for the noxious good is the primary
inefficiency source. When combining the absence of markets with a concave disutility caused
by the noxious good, the problem in Minehart and Neeman reduces to finding the “right”
host. For some intuition on why a market could solve the problem for a concave disutility,
imagine that a community is offered a “storage” price per unit of noxious good. If this price
falls above a threshold for a given community, it is willing to accrue an arbitrarily large
quantity of the noxious good (and the other communities will buy the right to transfer all
their quantities of noxious good).

In contrast to Minehart and Neeman (2002) and Sakai (2012), we focus on the class of
noxious facilities/goods causing convex private costs.16 Here, the technological transforma-
tion of the noxious good is the determinant of efficiency. By selecting an optimal size of the
noxious facility, the communities use the mechanism to jointly select an installed capacity
able to transform a given amount of the noxious good into a by-product that has a lower
monetary equivalent in terms of disutility. Hence, an additional source of gains, apart from
reallocative efficiency, dwells on the transformation of the noxious good into a “cheaper”
source of disutility.

6 Other properties of the mechanism

To conclude, we now discuss some properties of the mechanism regarding individual
rationality, fairness, and robustness to coalitions.

16Imagine (i) a prison that, the larger it is, the higher the profile of prisoners or the higher the likelihood
of inner gangs; or (ii) a nuclear power plant in which the concerns about safety increase disproportionately
faster than its energy-producing capacity.
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6.1 Individual rationality

Since the host could always deviate to become a buyer, and a null price as buyer grants
a non-negative payoff, all equilibria (weakly) Pareto dominate the status quo. Moreover, as
a consequence of Propositions 1 and 2, each buyer ends up with a strictly positive payoff in
any equilibrium.

Out of equilibrium, the problem is more convoluted. Communities in the role of buyers
can secure a null payoff, but the host cannot. However, if no community wants to host the
facility, all communities face the risk of taking this undesired role: even if communities submit
a null bid and a high price as host (the first tie-breaking criterion), all other communities
might bid likewise, with even higher hosting prices.

A possible issue is that, for any given strategy, a community might suffer unbounded
losses within the mechanism. Restricting the support of the parameter space so for each
i ∈ N we have di ∈ [dmin, dmax], and capping the provision of Z by a quantity Q ≥ QL1 can
limit the loss to the penalty r, while keeping its efficiency properties.17

With this cap, community i could submit a null bid and a price div′(−Q) as host. Under
this strategy, the trade price for i is at least div′(−Q), and any quantity that i may provide
dwells between 0 and Q, giving i a positive payoff. In the worst-case scenario for the host
community, it pays r for not implementing the facility. However, this penalty can be made
arbitrarily small without harming the efficiency properties ofM. If we allow for the possibil-
ity of not implementing the facility in equilibrium, then we can set r = 0 in the mechanism
and obtain the property of ex post individual rationality.

6.2 Fairness

Recall from Section 4 that the monetized benefits among buyers are proportional to the
price each community pays as a buyer under s?. This property, inherited from Lindahl
outcomes due to Proposition 2, actually holds for all equilibria inM. The proportionality
between payments for, and benefits from, the provided facility encompasses the following
notion of fairness among buyers: the more communities contribute, the more they benefit.
Our fairness notion is different from the one proposed in Sakai (2012). In his case, fairness
relates to proportional compensations: communities representing heavier burdens to the
welfare receive lower benefits from the mechanism.

In Section 4, we also conclude that the strategy s? favors community 1. This host remains
17The quantity Q solving dminv

′(−Q) + c = (n− 1)dmaxv
′(Q) respects this condition.
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favored by the mechanism, for strategies different to s?, under two conditions: when d2 is
not too close to d1; and, if this condition does not hold, when the (buying) residual price
of the host falls below its residual price under s?. However, it is not possible to describe a
rule in which the host’s benefits are always disproportionately large with respect to buyers.
Hence, our fairness analysis is limited when it applies to the host.

6.3 Robustness to coalitions

In Proposition 3, we show that the Lindahl-1 equilibrium is robust to coalitions of com-
munities in the role of buyers. By contrast, coalitions between the host and a buyer with
a sufficiently low d can alter the mechanism’s outcome. Nonetheless, and unlike most cases
in which collusive agreements might result detrimental to society, any coalition involving
community 1 is, in fact, efficiency-enhancing.

Consider the following example. Community 2 agrees to bid ∆2−K if community 1 makes
a side payment ofK/2 after being selected as the host. Note that, asK increases, the bid paid
by community 1 becomes smaller, reducing the surplus that makes our mechanism budget
unbalanced. Hence, coalitions including community 1 are efficiency-enhancing because they
reduce the competition for hosting the facility; and since ∆1 > ∆j for j ≥ 2, communities in
the coalition will pursue the Lindahl-1 allocation because it maximizes such side-payments.

Intuitively, the larger is the coalition including community 1, the lower the screening costs
in our second-price auction, and therefore the bid paid by the host decreases. For instance,
in a coalition of communities 1 and 2, the former will pay at most b3 as host. Applying
this argument iteratively, if all communities with ∆ > 0 are part of the coalition, the costly
screening is no longer necessary. Nonetheless, the market-like part of our mechanism will
perform efficiently.

7 Conclusion

Not every Lindahl outcome is equal when the location of a public project is ex-ante
undefined. Whereas all of them are locally efficient, we devised a mechanism that selects the
only globally efficient Lindahl allocation in providing a noxious facility.

The functioning of our mechanism comprises two stages: a market-like and an auction-
like step. The market embedded in the mechanism ensures, in equilibrium, that the total
price offered by the buyers matches the price demanded by the host. In this step, using a
geometric mean for the aggregation of the desired facility size grants an optimal quantity.
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This combination of prices and quantities ensures a Lindahl allocation. On the other hand,
the embedded second-price auction aims at selecting as a host the community that benefits
the most from hosting the facility (via the requested compensation), which also grants the
globally efficient facility size. This outcome is guaranteed if all the communities truthfully
reveal their additional earnings from role switching (i.e., becoming the host instead of being
a buyer), a non-dominated strategy.

Although the selection and siting capabilities of the proposed mechanism constitute our
main contribution, it does not always deliver the first best outcome in equilibrium for two
reasons. First, from the standpoint of the communities, some equilibria are not budget
balanced. Second, even if all equilibria dominate the status quo, the mechanism cannot
ensure the optimal Lindahl allocation when communities do not bid truthfully.

Besides achieving efficiency, the mechanism displays two essential features for practical
applications. First, the informational structure is realistic. Each community is required
to know its own preferences, but not other communities’ preferences. Second, the message
submitted by each community does not become more complex as the number of participants
in the mechanism or the range size of the facility increase.

Markets and auctions are traditionally seen as substitute mechanisms for solving alloca-
tion problems. Here, we rather combine them within our mechanism in a complementary
manner. This approach may shed light on how to tackle other economic problems in which
local optima coexist, and selection is crucial in understanding welfare implications.
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Appendix A: Lemmata and proofs of propositions

Proof of Proposition 1

Proof. For a fixed facility location j ∈ LI , the social planner solution satisfies Equation 1.
Let φ(d) be the optimal provided level of Z when it is hosted by a community with parameter
d while keeping

∑
i di constant. Define the map

S(d) := v(φ(d))
∑
i

di + d(v(−φ(d))− v(φ(d)))− cφ(d)

for each d whenever it is well-defined. Notice that S(dj) is the maximum surplus, constrained
to install Z in j. By the envelope theorem,

dS(dj)

dd
= v(−QLi)− v(QLi) < 0.

Therefore, as we decrease j, we increase the surplus. As a result, the maximum surplus
occurs when community 1 hosts Z and provides a quantity QL1 .

Lemma 1. If s is an equilibrium ofM, then the provision level of Z, Q̂(s), is positive.

Proof. Suppose, by contradiction, that Q̂(s) = 0. Then the payoff of î(s) is −r. If î(s)

deviates its bid to 0 and its price as host to phi + ε for any i 6= î and ε > 0, î(s) would not be
the host anymore. As a buyer, î(s) could deviate its submitted quantity to a small enough
value, ensuring a utility greater than −r. Therefore, s cannot be an equilibrium.

Lemma 2. If s is an equilibrium ofM, then ph
î(s)

> 0 and pbi > 0 for all i 6= î(s).

Proof. By Lemma 1, the implementation rule is respected under strategy s. Suppose, by
contradiction, that pbi = 0 for some i 6= î(s), so i’s payoff as a function of the provision
level of Z is ui(·, 0). Since the function ui(·, 0) is increasing and unbounded from above,
ui(2Q̂(s), 0) > ui(Q̂(s), 0). But i can deviate its submitted quantity to generate a provision
level of Z equal to 2Q̂(s). This contradicts the fact that s is an equilibrium.

Suppose, also by contradiction, that ph
î(s)

= 0. Notice that ui(−Q̂(s), 0) < 0 and that

ui(−Q̂(s), 0) < ui(−Q̂(s)/2, 0). But î(s) could deviate its submitted quantity to generate a
provision level of Z equal to Q̂(s)/2, contradicting that s is an equilibrium.

Lemma 3. If s is an equilibrium with project implementation, then ph
î(s)

+ c =
∑

i 6=î(s) p
b
j.
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Proof. Since, by Lemma 1, the project is implemented, we have ph
î(s)

+ c ≤
∑

j 6=î(s) p
b
j.

Suppose, by contradiction, that ε > 0 is a slacking variable, so ph
î(s)

+ c =
∑

j 6=î(s) p
b
j + ε.

In this case, community i 6= î(s) could deviate its price as buyer to pbi − ε/2, keeping
the implementation of the project at the same provision level, while paying T̂i(s) − ε

2
(1 −

1
2(n−1)

)Q̂(s) < T̂i(s). Therefore, si cannot be a maximizing strategy for i given s−i.

Proof of Proposition 2

Proof. Recall that v′ is continuous, strictly decreasing, and (due to the asymptotic condi-
tions) its image is R. Thus, we can apply the Intermediate Value Theorem to deduce that, for
any p > 0 and d > 0, there is a unique real q satisfying p = dv′(q). Since, by Lemma 2, the
applied prices of s are positive, individual solutions must respect the first order conditions
pbi = div

′(Q̂(s)) for i 6= î(s), and ph
î(s)

= dî(s)v
′(−Q̂(s)). In addition, by Lemma 3, we have

ph
î(s)

+ c =
∑

j 6=î(s) p
b
j. This means that M̃(s) being a Lindahl-̂i(s) is a necessary condition

for s to be an equilibrium.

Lemma 4. For each x ≥ 0, the inequality div(−x)− div′(−x)x > div(x)− div′(x)x holds.

Proof. Define φ as a function mapping each x > 0 to φ(x) = div(−x) − div(x). Since, by
assumption, v′′′ > 0, then φ′′(x) = div

′′(−x) − div
′′(x) < 0 and φ is concave. But if φ is

concave, we must have φ(y) − φ(x) − φ′(x)(x − y) < 0 for each x, y ∈ R+. In particular,
if y = 0 we have −φ(x) − φ′(x)x < 0. Rearranging this inequality we have the desired
result.

Lemma 5. Let pb1 = d1v
′(QL1) and suppose that, for some i ≥ 2, pL1

1 − pL1
i + pb1 > div

′(0)

holds. Define phi := pL1
1 − pL1

i + pb1 and Q̃i such that div′(−Q̃i) = phi . Then 0 < Q̃i < QL1

and we have

d1v(−QL1)− d1v(QL1)− div(−Q̃i) + div(QL1) > (pL1
1 − pL1

i + pb1)(Q̃i −QL1).

Proof. The positiveness of Q̃i holds trivially from phi > div
′(0) = pi. To show that Q̃i < QL1 ,

notice first that d1 < di implies pb1 < pL1
i . In turn, this implies that phi < pL1

1 and
phi /di < pL1

1 /d1. Because v′ is strictly decreasing we have

−Q̃i = v′−1(phi /di) > v′−1(pL1
1 /d1) = −QL1 ,

or Q̃i < QL1 .
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Define, for each x ∈ [0, QL1 − Q̃i], the following two maps

F (x) = d1v(−(Q̃i + x))− d1v(Q̃i + x)− div(−Q̃i) + div(Q̃i + x)

and
G(x) = (pL1

1 − pL1
i + pb1)(Q̃i − (Q̃i + x)).

We want to prove that F (QL1 − Q̃i) > G(QL1 − Q̃i). Notice that G(0) = 0 and that, after
rearranging F (0),

F (0) = (di − d1)(v(Q̃i)− v(−Q̃i)) > 0,

so F (0) > G(0).
Also, if x ∈ [0, QL1 − Q̃i], since v is concave we have

d1v
′(−QL1) = pL1

1 > d1v
′(−(Q̃i + x))

and

0 < (di − d1)(v′(Q̃i + x)− v′(QL1)) = div
′(Q̃i + x)− pL1

i − d1v
′(Q̃i + x) + pb1.

Adding up the two previous inequalities and rearranging them yields

−d1v
′(−(Q̃i + x))− d1v

′(Q̃i + x) + div
′(Q̃i + x) > pL1

i − p
L1
1 − pb1.

This inequality can be written as F ′(x) > G′(x), so

∫ QL1−Q̃i

0

F ′(x)dx >
∫ QL1−Q̃i

0

G′(x)dx

and applying the fundamental theorem of calculus gives us

F (QL1 − Q̃i)− F (0) > G(QL1 − Q̃i)−G(0).

Since F (0) > G(0) we have F (QL1 − Q̃i) > G(QL1 − q̃i), concluding the proof.

Proof of Proposition 3

Proof. First, we prove that s := s? is an equilibrium, and then we prove the robustness on
coalitions excluding community 1. To prove that s is an equilibrium, it suffices to show that
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1. b1 > bi for i ≥ 2, 2. community 1 has no incentives to deviate from the role of host, and
3. community i for i ≥ 2 has no incentives to deviate from the role of buyer.

The first and third steps are easier to show for i ≥ 2 when phi = div
′(0) and, thus, bi = 0.

By Lemma 4, b1 is strictly positive, so b1 > bi = 0. Besides, if i deviates its bid do b̃i such
that b̃i > b1, then i would become the host. A price as host submitted by i as a deviating
strategy can lead to two possible outcomes. If this price respects the implementation rule,
then it is lower than the no-trade price of i, conferring this community a negative payoff.
Otherwise, i’s payoff would be −r − b1. Any of these outcomes would be worse for i than
the positive payoff obtained from being a buyer under Lindahl-1. We conclude that, when i
is such that phi = div

′(0), conditions 1. and 3. are met.
We now consider the case when phi > div

′(0). Lemma 5 shows 1.. show 2., recall that the
payoff of community 1 as the host is d1v(−QL1) + pL1

1 QL1 − bĵ(s), while as a buyer it would
be at most d1v(QL1)− pb1qL1 . However, note that

d1v(−QL1) + pL1
1 QL1 − bĵ(s) > d1v(−QL1) + pL1

1 QL1 − b1

= d1v(QL1)− pb1qL1 ,

so community 1 does not have incentives to deviate from its host position.
We prove 3.. To be a host, community i has to deviate its bid to some b̃i such that

b̃i > b1. In this case, the second-highest bid is b1 and community i would get at most
div(−Q̃i) + phi Q̃i − b1. But Lemma 5 (after rearranging terms) yields

div(−Q̃i) + phi Q̃i − b1 < div(QL1)− pL1
i Q

L1 .

Since the left-hand side is i’s payoff as a buyer, community i has no incentives to deviate
from si, proving that s is an equilibrium.

Now we show the robustness of s to coalitions. Let I ⊆ N \{1} be a set (i.e., a coalition)
with at least two elements and let s−I be s without the components in I. The equilibrium s

is robust to the coalition I if, and only if, the coalition under s−I cannot generate a surplus
larger than the one obtained in s. We have two possible coalitional deviations: (i) each
community in I remains a buyer; and (ii) a community in I becomes the host. We let p̃bi be
the new price as buyer of community i ∈ I after deviating from s and p̃hi the analogous for
the price as host. Recall that, for both cases, if Z is not implemented, this would give a null
surplus for the coalition, which would make the coalition worse off. So, if there is a strategy
improving the coalition’s surplus, it has to imply a positive provision of Z.

28



In case (i), the problem I solves is to maximize∑
i∈I

(div(Q̃)− p̃biQ̃) = v(Q̃)
∑
i∈I

di + Q̃
∑
i∈I

p̃bi

on variables with a tilde, subject to
∑

i∈I p̃
b
i ≥

∑
i∈I p

L1
i . This constraint ensures the imple-

mentation of Z. At the maximum, the restriction is binding, so we can rewrite the coalition
problem as to maximize v(Q̃)

∑
i∈I di + Q̃

∑
i∈I p

L1
i on Q̃. But this is a strictly concave func-

tion on Q̃, so there is a unique maximum respecting the first order condition. We notice that
QL1 solves the FOC. Therefore, strategy s provides already the maximum surplus for I.

In case (ii), let j ∈ I be the host. The problem coalition I solves is to maximize

djv(−Q̃) + v(Q̃)
∑

i∈I\{j}

di + Q̃
(
−p̃hj +

∑
i∈I\{j}

p̃bi

)
− b1

on variables with a tilde, subject to
∑

i∈I\{j} p̃
b
i−p̃hj ≥

∑
i∈I\{j} p

L1
i +pL1

j −p
L1
1 −pb1. As in case

(i), this constraint implies the implementation of Z and any solution has to respect it with
equality. Therefore, we can rewrite the coalition’s problem and apply maxima properties to
obtain

max
Q̃>0

{ ∑
i∈I\{j}

(div(Q̃)− pL1
j Q̃) + djv(−Q̃) + (pL1

1 − pL1
j + pb1)Q̃− b1

}
≤
∑

i∈I\{j}

max
Q̃>0

{
div(Q̃)− pL1

j Q̃
}

+ max
Q̃>0

{
djv(−Q̃) + (pL1

1 − pL1
j + pb1)Q̃− b1

}
≤
∑

i∈I\{j}

(div(QL1)− pL1
j Q

L1) + ghj (s−j)− b1

<
∑

i∈I\{j}

gbi (si) + gbj(s−j),

where the last inequality is a direct application of Lemma 5. But
∑

i∈I\{j} g
b
i (si) + gbj(s−j)

is the surplus I gets under strategy s. Thus, I is strictly better off under s than under any
other strategy to which coalition I can deviate. This completes the proof.

Lemma 6. For i ≥ 2, let Q > 0 and q̃ be such that

div
′(q̃)− d1v

′(Q) = d1v
′(−q̃)− div′(−Q).
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Then q̃ ≥ Q and

d1v(−q̃) + (div
′(−Q) + div

′(q̃)− d1v
′(Q))q̃ > d1v(Q)− d1v

′(Q)Q > 0.

Proof. Suppose, by contradiction, that q̃ < Q. Since v′ is decreasing and di > d1, we have
div
′(q̃)−d1v

′(Q) > 0 and d1v
′(−q̃)−div′(−Q) < 0. Hence, the first equality would not hold,

contradicting q̃ < Q.
We can rewrite the left-hand side of the inequality as d1v(−q̃) + d1v

′(−q̃)q̃. Defining, for
each x > 0, the function φ(x) = d1v(−x)+d1v

′(−x)x, we observe that φ′(x) = −d1v
′′(−x)x > 0,

so φ is strictly increasing. Thus we have

d1v(−q̃) + d1v
′(−q̃)q̃ > d1v(−Q) + d1v

′(−Q)Q

> d1v(Q)− d1v
′(Q)Q > 0,

where we use Lemma 4 to get the second inequality and the fact that d1v−d1v
′Id is increasing

and equal to 0 at 0 to get the third inequality.

Lemma 7. Suppose i ∈ LI , i ≥ 2 and, for any y ≥ 0, let q̃1 and q̃i be functions respecting
div
′(q̃i(y)) = y and d1v

′(−q̃1(y)) = pLi
i + y − pLi

1 . Then

div(−QLi)+pLi
i Q

Li−div(q̃i(y))+yq̃i(y) < d1v(−q̃1(y))+(pLi
i +y−pLi

1 )q̃1(y)−d1v(QLi)+pLi
1 Q

Li .

Proof. We prove this Lemma in two steps. First, we show that the inequality is the tightest
when y = p such that q̃i(p) = q̃1(p). Then, we show the main inequality.

First, notice that functions q̃i and q̃1 are well-defined, continuous and monotonic func-
tions. Thus, we can apply the Implicit Function Theorem to find that q̃′1 = −1/d1v

′′(−q̃1) > 0

and q̃′i = 1/div
′′(q̃i) < 0. Observe that the inequality is the tightest when the function φ,

defined for each y > 0 by

φ(y) = −div(q̃i(y)) + q̃i(y)y − d1v(−q̃1(y))− (pLi
i + y − pLi

1 )q̃1(y),

attains its maximum. Differentiating φ, and using the fact that d1v
′(−q̃1(y)) = pLi

i + y− pLi
1

and div′(q̃i(y)) = y, we obtain φ′ = q̃i − q̃1. Differentiating once more we get φ′′ = q̃′i − q̃′1.
Since q̃′i < 0 and q̃′1 > 0, we have that φ′′ < 0. This means that φ attains its maximum at
p such that φ′(p) = 0, which is the same as q̃i(p) = q̃1(p). It follows that we only need to
prove the inequality for the case when y = p. We call q̃1(p) =: q̃.
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To prove the second part, we observe first that div′(q̃)−d1v
′(QLi) = d1v

′(−q̃)−div′(−QLi),
so we can apply Lemma 6 to conclude that q̃ ≥ QLi . Define for all x ∈ [0, q̃−QLi ] the following
two maps

F (x) = div(−QLi)− div(QLi + x)− d1v(−QLi − x) + d1v(QLi)

and
G(x) = (pLi

i − p
Li
1 )x.

We want to prove that F (q̃ − QLi) < G(q̃ − QLi). Notice that G(0) = 0 and that, after
rearranging F (0),

F (0) = (di − d1)(v(−QLi)− v(QLi)) < 0,

so F (0) < G(0).
In addition, if x ∈ (0, q̃−QLi ] and since v′′ < 0, we have −div′(QLi +x) < −div′(q̃) = −p

and d1v
′(−QLi − x) < d1v

′(−q̃) = pLi
i + p− pLi

1 . Adding these two inequalities gives

−div′(QLi + x) + d1v
′(−QLi − x) < pLi

i − p
Li
1 .

This last inequality is the same as F ′(x) < G′(x), hence

∫ q̃−QLi

0

F ′(x)dx <
∫ q̃−QLi

0

G′(x)dx,

and by the fundamental theorem of calculus

F (q̃ −QLi)− F (0) < G(q̃ −QLi)−G(0).

We conclude the proof using the fact that F (0) < G(0).

Proof of Proposition 4

Proof. Suppose, by contradiction, that s is an equilibrium such that M̃(s) is a Lindahl-j
outcome. First, consider the case when ∆1(s−1) > 0. Applying Lemma 7 it is straightforward
to conclude that ∆1(s−1) > ∆j(s−j). This contradicts j ending up as the host if communities
bid their switching valuations.

What remains left to show is that s cannot be an equilibrium, even when ∆1(s−1) ≤ 0.
To do that, we need to show that, in this case, all the other ∆’s under s are non-positive.
For each i ≥ 2, let q̃i solve djv′(q̃i) = p

Lj

j − pbi + pbj (q̃i can be negative) and notice that
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q̃j = QLj . We recall that v− v′Id is increasing and it is 0 at 0, v(qLj)− v′(QLj)QLj > 0, and
v(−Q̃i)− (v(QLj)− v′(QLj)QLj) < 0. Thus, for each i ≥ 2, we have18

∆i(s−i) =(div(−q̃i) + (p
Lj

j − pbi + pbj)q̃i)1{q̃i>0} − di(v(QLj)− v′(QLj)QLj)

[d1 < di] <(d1v(−q̃i) + (p
Lj

j − pbi + pbj)q̃i)1{q̃i>0} − d1(v(QLj)− v′(QLj)QLj)

[pb1 ≤ pbi ] ≤(d1v(−q̃i) + (p
Lj

j − pb1 + pbj)q̃i)1{q̃i>0} − d1(v(QLj)− v′(QLj)QLj)

≤(d1v(−q̃1) + (p
Lj

j − pb1 + pbj)q̃1)1{q̃1>0} − d1v(QLj) + p
Lj

1 QLj = ∆i(s−1) ≤ 0.

We just concluded that having ∆1(s−1) ≤ 0 implies that all the switching valuations are null
and that j would be better off as a buyer. But this is a feasible outcome for j under s−j.
To achieve it, j could deviate by submitting its optimal quantity as a buyer, and increasing
its price as host until it is not the smallest submitted one. So s cannot be an equilibrium
generating a Lindahl-j outcome.

Appendix B: a microfoundation for the function v

We consider a general function v that captures gains/losses from the existence of the
noxious facility. We introduce v in Section 2 in reduced form, taking into account several
possibilities for the efficiency sources. This appendix presents a microfoundation for v in
a specific context. To simplify the exposition, we suppose that the noxious good is non-
tradable. The results hold in the presence of a market for the noxious good.

Any microfoundation must be able to address the three following issues. First, the
channels through which the facility impacts the welfare of communities must be explicit.
Second, it has to justify why communities do not merely build the facility autarchically and
how they profit from building it collectively. Third, since the benefits generated from buying
Z are different in nature from the costs created by hosting Z, there must be an institutional
reason to justify the differentiability of v at 0, so v′(0+) = v′(0−) does not occur only by
chance.

The model Suppose community i has a private benefit diw(qi) of having qi > 0 units of
a noxious good removed from its backyard, where w(0) = 0, w′ > 0, and w′′ < 0. On the
other hand, if a quantity Q of Z is built in i, community i incurs in a private cost diκ(Q)

18If q̃i ≤ 0, then div(−q̃i) + (p
Lj

i − pbi + pbj)q̃i ≤ 0, which is also the same as pLj

j − pbi + pbj < div
′(0). Hence,

in the hypothetical situation of being a host, i could deviate by submitting an arbitrarily small quantity,
implying that ghi (s−i) = 0.
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from hosting it, with k(0) = 0, k′ > 0, and k′′ > 0. Define R = κ′(0)/w′(0) and assume
1/(n − 1) < R < 1. We consider that there exists a correlation between the benefit of
removing an amount of the noxious good from community i and the cost of hosting Z. For
example, if a community cares a lot about cleanliness, the benefit of removing waste is large,
as it is also the cost of hosting an incinerator in this place.

To ensure that no community participating in the mechanism could profit from an
autarchic provision of Z, we assume that dn < c/(w′(0)(1 − R)). Under this condition,
the function diw(q)− diκ(q)− cq in q attains its maximum at 0.

We define the property rights over Z according to the following rules: quantities of Z
are not tradable, the host gets a share fh = (R(n − 1) − 1)/(n − 2) of Z, and each other
community gets a share of f b = (1 − R)/(n − 2). The conditions we imposed on R grant
that no community gets a share smaller than 0 or greater than 1.

Therefore, a facility of size Q yields a gross benefit for i of diw(f bQ) if i is a buyer, and
diw(fhQ)− κ(Q) if i is the host. We thus can define the function v as

v(q) =

 w(f bq) if q ≥ 0

w(−fhq)− κ(−q) if q < 0

The definition of the property rights yields v′(0+) = f bw′(0) and w′(0−) = −fhw′(0) + κ′(0).
But since fh + f b = R, we obtain v′(0+) = v′(0−).

Finally, combining the impossibility of autarchic solutions with the condition LI 6= ∅
grants us that the parameter space is non-empty. Define c̃ := c/(w′(0)(1−R)), a parameter
independent of the d’s. These two conditions imply that (n − 2)dn < c̃ <

∑
i di − 2d1. So,

for example, if n = 3, we have d3 < c̃ < d3 + d2 − d1. Since d3 < d3 + d2 − d1, there is a c̃
satisfying the inequality.
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